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Problem 3D.2

The equation of change for vorticity.

(a) By taking the curl of the Navier-Stokes equation of motion (in either the D /Dt form or the
0/0t form), obtain an equation for the vorticity, w = [V x v] of the fluid; this equation may
be written in two ways:

%w = vVw + [w - V] (3D.2-1)

D
iV = vViw + [ : {(VV) - (VV)}] (3D.2-2)

in which € is a third-order tensor whose components are the permutation symbol €;;;, (see
§A.2) and v = pu/p is the kinematic viscosity.

(b) How do the equations in (a) simplify for two-dimensional flows?

Solution

Part (a)
In terms of the substantial derivative, the Navier-Stokes equation is

D
DY = —Vp 4+ puV3v + pg.

It holds under the assumption that the fluid density p and viscosity p are constant. This equation
can be written in one of two ways,

0
—pv+ v -Vpv=—Vp+ uV3v + pg

ot

9 2

ﬁpv+v-pvv: —Vp+ uV=ov + pg,
and they will lead to Eq. 3D.2-1 and Eq. 3D.2-2, respectively. The force of gravity is
conservative, so there exists a potential function ® such that mg = —V®.

gpv +v-Vpv=—-Vp+ uV3v — ’ve

ot m
0 _ 2 P
—pv+V.pvw =-Vp+4+uVv—-—Vo
ot m
In order to eliminate the terms involving pressure and gravity, take the curl of both sides of each
equation.
9 _ 2 P
VX |=pv+v:Vpv | =Vx|(-Vp+uVv—-—Vo
ot m
9 _ 2 P
Vx| =pv+V-pvv | =Vx|-Vp+ uVv-—-—Vo
ot m
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The curl of a sum is the sum of the curls.

V x <gtpv>+V><(v-V,ov)—Vx(—Vp)+V><(uV2v)+V>< <—%
V x <§tpv>—I—VX(V-pvv):Vx(—Vp)+Vx(uV2v)+V>< (—%

Bring the constants in front.

oV <§tv>+pV><(V‘VV)_—VXVP+MV><(VQV)—ZVXVCP

9]
pV x <8tv> +pV x (V-vv) ==V x Vp+puV x (VQV)_%VXV(ID

Divide both sides of each equation by p and use the kinematic viscosity v for u/p.

1 1
V x (av>+Vx(v-Vv)——Vpr+1/V><(V2V)—VxV@
ot p m

0 1 1
V x <v>+V><(V-vv):—Vpr+1/V><(V2v)—VxV@
ot P m

Now examine each of the common terms in these equations one by one.

) .0
V x Vp= (Z&ax) X (Zéj(%) P
— [ . J
o 0
_226 X(s 895289:]-

21]1

:Zzzakgzgka 8:75 S P

zl]lkl

= Zzz&csﬂka 83: —p (Let ¢ be j and let j be i.)

J111k1

:Zzzékgjzka 8$p

’Ll]lkl

= Zzzékgjzka 8xjp

=1 j=1 k=1

3 3 3 5 8
=> > Zak(—%k)af%aixjp

i=1 j=1 k=1

3 3 3 5 8
Z—EE;%&MM%}?
=0

=V xVo

For future reference, know that the curl of the gradient of a scalar function is the zero vector,

provided that this function has continuous second partial derivatives.
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With these results, equations (1) and (2) become

gt(va)JrVX(V-VV):VVQ(VXV) (3)
;(va)Jer (V- vv) = vW(V x v). (4)

Use the vector identity,
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to rewrite the second term on the left side of equation (3).

;(va)—ka [;Vzﬂ—vx(va)} = vV3(V x v)
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Distribute the curl operator and bring the constants in front.

0 V xv)+ Vva —V x [vx(Vxv)]=vViV xv)

875(
The curl of the gradient of a scalar function is the zero vector.
0
57 (VX V) =V x [vx (Vxv)] = vVA(V x v) (Eq. 4.2-1)

Let the vorticity be w =V x v.

9 _ o2
Fride VX (vxw)=vVw (5)

Simplify the remaining cross product.

Vx(vxw)= (Zdzai> X

i=1 Jj=1k=11=1
3 3 3 3 9
= Z Z Z 2(6 X (sl)z’fjklaimivjwk

s
Il
—
<
Il
—_
£
w
—
o~
I
—

I
1=
M)
Mw

0
§ 6m€zlm5jkl 'U]wk
m=1

i=1 j=1 k=1 [1=1
3 3 3 3 9
= Z Z 5m5mzl5]kl ijk
i=1 j=1 k=1 l=1 m=1
3 3 3 3 o
- Z Z Z 5m(5mj51k - 5mk5ij)%vjwk
i=1 j=1 k=1m=1 .
3 3 3 3 3 3 3 3 9
- Z ZZ Z 4 5mJ51k ijk ZZ 2 Z 5m5mk5ij%'0jwk
i=1 j=1 k= i=1 j=1 k=1m=1 ¢
3.3 3 3 3 ’
:ZZZ‘S 5zkz ijk_zzz:(sk(sl]a VW
i=1 j=1 k= i=1 j=1 k=1
3 3 ) 3 3 ]8
= Z Z (sj aixivjwi - Z Z 6k871,‘jvjwk
i=1 j=1 j=1 k=1
o LA 5. c%j ' _8wi A 5 81}j '6wk
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Continue the simplification.

3 3

V x (v X w) 225]w181]]+226v]8x ZZ(Skiwk—ZZ(Skvjawk

i=1 j=1 =1 j=1 7j=1k=1 7=1k=1

Y (ZM) S (L 5) - L (8) > g (o)

i=1
=w-Vv+v(V.-w)—w(V:v)—v:-Vw

For the particular case that w = V X v, the second term vanishes.

V.w=V.(Vxv)

— ZZZ&@&% (Let i be j and let j be i.)
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As a result, equation (5) becomes
—w—[w-Vv+v(V-w)—w(V:v)—v-Vw| =1vV3w.
ot N——
=0
Because the density is constant, the continuity equation reduces to

gf:—v-pv - 0=—-pV:-v —= V.v=0,
and this previous equation simplifies further to

ErA [w-Vv—v-Vw| =vVw.
Therefore, one equation for the vorticity is

%w—i—v-Vw:l/Vzw—i—w-Vv,

or

EW =vViw +w- Vv.

Now simplify the last term in equation (4).

J

0
3 3 3 3
_ 9 (v, v 0w v Ou O (O
N ZZZ Z 6m€21m {81‘1 <a$]) vl + 8SU]' aSCZ + 6901 8SU]' + Y a’L‘Z <8x]>]

> 2 o (v, o,
= z:: Z Z z_: 5m5ilm7xi (&%'Ul + vj@:q)
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Continue simplifying the right side.

3 3 3 3 3 Ov: O
+ Z Z Z Z Z Z 6m511m5m61p 1

0x,, O
i=1 j=1 I=1 m=1n=1p=1 J

+izz (S .. 0 <8’UZ>
: m zlmvja

o0x;

3 3 3 3 3 3 dvj Ov
+Zzzzzzamsﬂm<ai-an>wz %) 3o 5

=1 ]:1 =1 m=1n=1 p:l 8xn 8.%"]
3 3 3 3
0
2 Vg (2220 D Omeimy -
j=1 i i=1 =1 m=1 g

3 3 3 3 3 Ov: O
Y ISS TSNS ncim (0185 ¢ 8,8,) 5L L

i=1 j=1 I=1 m=1n=1p=1 Oy Ox;
v.V(V xv)
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Continue simplifying the right side.

=V(V.v)xv+ (V- v)(VxVv)+v:-V(V xV)
> & > Ovj Ovp
DD e Omdidi| = (DD DD 685+ 8y) o o
i=1 =1 m=1 n=1j=1 gq=1 p=1 n q
=V(V-v)xv+(V-v)(Vxv)+v:-V(VxvV)
3 3 3 [/ 3 3 9 3 9
_ (Z ZZammmdz&> 226”598 7. chsqapaxp
m=1 =1 i=1 | \n=1j=1 n q=1p=1

Substitute this result into equation (4).

%(VXV)—{-V(V'V)XV—F(V-V)(VXV)—|—V°V(VXV)—€:(VV-VV):I/V2(VXV)

Because the density is constant, the continuity equation reduces to V - v = 0, and this equation
becomes

;(VXV)—&—v-V(VXV)—s:(VV-VV):I/VQ(VXV).

Let the vorticity be w =V x v.

%w—l—v-Vw—s:(Vv-Vv):l/VQw

Therefore, a second equation for the vorticity is

s,
aw—l—v-VW:VVQW—I—E:(Vv-VV),

or

D
DV = vWiw 4 e: (Vv-Vv).
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Part (b)

Suppose a fluid flows in an arbitrary plane in space. Setup a coordinate system so that the z-axis
lies in the direction of the outward unit vector perpendicular to the plane. For a Cartesian
coordinate system in particular, the velocity is then

v =vg(z,y, )X + vy(x,y,1)y.
Assuming that the fluid density p is constant, the equation of continuity simplifies to
V-.v=0.

If the fluid viscosity p is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

0

aw%—v-Vw: vWiw +w - Vv
Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity.

Xy 2z
ov ov ovy, Ov ov,  Ov
_ _|lo o a|_ 9%, oo (Y OVz),  [(OUy OUs),
WEVXVE=la oy 00 8zx+ 8ZY+<8x 8y>z <8x 8y>z
vy vy 0

Expand the continuity equation in Cartesian coordinates.

vy % Ov,

=0
Ox + oy + 0z
—~
=0
_Ova _ Oy
or Oy
If we introduce a stream function ¢ = ¥ (x,y,t) that satisfies
Vp = —a—w and v, = 8—¢
T 0y Yo ox’

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

Py Y

0zdy  Oydx

With this choice of v, and v,, the vorticity becomes

(o (ov _ 0 (_OuN], _ (P U\, oo,
v= e (o) o ()2 (G + ) 2= tvom

Substitute this expression for w into the vorticity equation.

%[(V%)i] +v - V[(VP)z] = vV2[(V2)2] + [(VP)2] - Vv
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Expand the operators and simplify the equation.

0 9 \a 0 9 1. 0 9 \.
at(V w)z+v$%(v 1/1)z+vy8—(v V)Z
0 v 105 1 [(V20)2 vy vy Ov,
+Uza (V)z = v(V*Y)z + [(V)Z] <5m5x o + 6,0, o + 6,0, 5
Ovy vy v,
+ 0,0, n =+ 6,0, vy + 6,0, e
Ovy, vy Ov,
+ (54515 +625y§ +(§Z(5282>
0 9 0 o 0 . 4 ra 9 Ovg Oy v,
(%(V 1/1)z+vxa (V w)z—i-vy8 (V2)z = v(V)z + (V) | 6, 52 + 0y 5% +4. P

The last term vanishes because there is no dependence on z.

0

2
8t (V lf))Z + v (%%

S (TR 4 0, (V) = ()8

Dot both sides by Z, the unit vector normal to the plane, to get a scalar equation for .

0 0 0

2 2 2 _ 4
51 (T2 + s 5 (V20) + v, (V20) = 0

Now eliminate v, and v,.
9 12 oy [ I R—

) o o 0

2 v Y 2 Y
G (V) + G 5 (V20 = o (V) = v9hy
Notice that these last two terms on the left side can be expressed as a Jacobian.
L 9
ox oy

9 o2
&(V Y) +

= vV
2 (v2y) §y<v2w>‘ ’

Therefore, for a two-dimensional flow in Cartesian coordinates, the equation the stream function
satisfies is

0
ot

8(% Y)

This is equation (A) in Table 4.2-1 on page 123. Note that V* is known as the biharmonic
operator, and in Cartesian coordinates it expands as

92 92\ (0% P\ 0% (0% 0%\ 0% (0% 0%
4 202 o\ (o Oy
VY =ViIVY) = (6w2+8y2> <8x2+6y2> ox? <8$2+8y >+8y <8$2+8y >
B R N TR
ozt 0x20y?  Oy202% Oyt Oxt 0x20y? = oyt

(V) + = vV
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Suppose a fluid flows in an arbitrary plane in space. Setup a coordinate system so that the z-axis
lies in the direction of the outward unit vector perpendicular to the plane. For a cylindrical
coordinate system in particular, the velocity is then

~

v =v,(r,0,t)F + vg(r,0,1)0.
Assuming that the fluid density p is constant, the equation of continuity simplifies to
V.v=0.

If the fluid viscosity p is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

0

&W+V.VW: vWiw +w- Vv
Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. All of the needed expansions in cylindrical coordinates are given on page 834.

Lov Ow (B du)g 10 10w, 10, 10w,
r 00 0z ' 0z or r or e r 00 Z= ror e r 00 z

w—va—(

Expand the continuity equation in cylindrical coordinates.

1 0 10vg Ov,

rar )t Dag g =0
<~
=0
_g(m ) = 9o
or " 00
If we introduce a stream function ¢ = ¢ (r,0,t) that satisfies
Uy = _1o and vy = 9
" r oo " or

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

P Y

orod — 000r

With this choice of v, and vy, the vorticity becomes

(1o fopN 10 [ 1op\]. (0% 10y 18\, o ,..
W_|:7"6T<r87")_r89<_7"89>:|z_<67~2+T8r+r2892 Z—(V¢)Z.

Substitute this expression for w into the vorticity equation.

0

5 (V02 +v - VI(V)a] = vV2((VEy)2] + [(Vie)2] - Vv
Expand the operators and simplify the equation.
QZA ﬁz EQ2A_4A28WA2%A23%A
at(v )z + vrar(v V) + . ae(v V)| z2=v(VY)z+ Vo P r+ Vo o 6+ Vo 5, | 2
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The last three terms on the right side vanish because there is no dependence on z.

9 o215 9 o2 vg 9 o 5 _ 4.1\5
5y (V) + [0 (720) + 22 2 (70)| 2 = (7032
Dot both sides by Z, the unit vector normal to the plane, to get a scalar equation for .
9 o2 9 o2 (L S —
Now eliminate v, and vy.
9 v CLOVN 0 oy L (VN 9 oy ot
AN ( r80> oY <0r> opY ) =V
O w2y 4 L% 9 oy~ 9 2| — o
AN [arae(v D= Ggar VY| =YV
Notice that the quantity in square brackets can be expressed as a Jacobian.
o Y
0 Ll o a0 4
o (V) + — =vViy
ot & (V) (V)

Therefore, for a two-dimensional flow in polar coordinates, the equation the stream function
satisfies is

9 10(, V2)

2 R
—(V¢)+T 90 0) =vV™.

ot

This is equation (B) in Table 4.2-1 on page 123. Note that V* is known as the biharmonic
operator, and in polar coordinates it expands as

2 10 10\ [0 1oy 10%
Vi = V2(V2) — 1 oY (ew tov  LOW
¥ (Vi) = <0r2 ror = r? 092> <0r2 ror r? 892)

o <82¢+18¢+ 1 a%)

“o\or e o
10 (0% 10y 1 0%
ﬂar(arzﬂaﬁrzaea)

1 92 <82w 190 16%)

T\ Trar TR o

a<a3¢ 1oy 10% 2 0% 1a3¢>

or

o3 r29r rorr 3002 " r20rd0?

V(00 1oy 10 200 1 0%
r r3 002  r20roh?

o3 r29r ' ror?
1o (0w 10w 1oy
r200 \ 000r2  r 000r r2 063

r3or  r2ar2  r2or2 T rord ' ri902  r30rd0%  r39rde? | r20r2oe?

_<a4¢+26¢ 10% 10% 10% 60% 2 0% 2 9% 1 6%)
= (5 z b

10% 10y 10% 20% 1 0% 1 ot 1 0%

1 0%

* (33 TR e T e r38r392> (2 96202 3 o%or 1 06

Lo 2% 10 low 2 o 2 o 4o oh
ot ror3 r20r2 0 3 9r  r20r2002  r30rof2  rd 902 99t
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Part (c)

Suppose a fluid flows radially and vertically with respect to an arbitrary axis in space. Setup a
cylindrical coordinate system so that the z-axis lies along the axis of symmetry. The velocity is
then

v =vp(r, 2, )F + v, (1, 2, t)Z.

Assuming that the fluid density p is constant, the equation of continuity simplifies to
V.v=0.

If the fluid viscosity p is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

0

aw—{—V-VW: vWV2w +w - Vv
Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. All of the needed expansions in cylindrical coordinates are given on page 834.

CUxv— lavz_% - 8%_8% g4 12( )_l&ur L 67}7«_8@2 6
WEVAVE\Tee 0z )t e T or rort 0 " 00 |27 Vo T or

Expand the continuity equation in cylindrical coordinates.

10 10vg Ov,
rar Mt g T, =0
——
=0
0 ov,
o) = T,
If we introduce a stream function ¢ = ¥(r, z,t) that satisfies
v _ 1% and v _ 1%
" r oz T oror’

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

P P

ordz  0z0r

With this choice of v, and v,, the vorticity becomes

[o [10y 0 1OV 4 1[0 10y P\, 1, 5 o~
W—[az(raz)w(rmﬂ”—r(aﬂraﬁw)"—r(ww-

Substitute this expression for w into the vorticity equation.
9 1(E?q,z))«s‘v +v-V 1(E%/})é = vV? 1(E%/;)é + 1(E%p)@ Vv
8t T r - r r
The first operator on the left side simplifies like so.
0 [1 ~ 10 o
— |=(E*¥)0| = - (E*¥)0
ot {r( ¥) } r@t( ¥)
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The second operator on the left side expands like so (use equation (Q) on page 834).

o9 s = {o ] <o [Lmo 0
~{u [gm L) o 10| | 6
—ﬁ(E%)o + S(E%p)o + Taaz(E%)é

The first operator on the right side expands like so (use equation (N) on page 834).

o (L] = [ {22 [+ 2 [ o

2 2
=u[1a< %) T (B + (B w)]
v 2
=) - L) + )]
:;EQ(E%)B

= Z(B')0

r

The second operator on the right side expands like so (use equation (Q) on page 834).

SE0e] =L () 6

Uy N
= T*Q(E%/))e
With these results, the vorticity equation becomes
182_72 32“&22* 4 2.\A
S (B20)0 - (B0 + L (B2 + 2 (B)0 = L (B)0 + S (B20)6.
Dot both sides by 0 to get a scalar equation.
L0 () - ey + )+ 2 D ) = Ly 1 (%)
r ot r2 r 8
Combine like-terms.
10 r 0, o vy 0 o 2UT 9 4
C o (B + () 4 (B) - (B = B
Multiply both sides by r.
9 o 9 2 2 20r o 4
3 (E2) + v (B%) 4 v (B%) — —“(B%) = vE'y

Now eliminate v, and v,.
0, 9 10y g2 10 I 2 (10y -
B0+ (150 ) @0+ (150 g0 - 2 (150) () = vty
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Simplify the left side.

o . . 1[obd,
E(E ¥) — - {&"%(E ¥) —

9% 9
0z Or

(E%ﬂ—zaWE%%u@%

r2 0z

Notice that the quantity in square brackets can be written as a Jacobian.

Y oY
9 1| & 5 2 O

_ E2 I 0 0 e ¥Y E2 _ E4
8”¢)T$ﬁw£w%‘”&(w v

Therefore, for a cylindrical axisymmetric flow with no #-component of velocity or angular
dependence, the equation for the stream function is

0 o LOWEX) 20¢ o . .
a(E ¥) - roa(rz) ﬁg(E V) =vEY.

This is equation (C) in Table 4.2-1 on page 123. Note that E%¢ expands as follows.
E'y = B*(E*y)
_(82 10 82)<821/1 18¢+82¢)

a2 ror " 922)\orr ror 0z

52 <82¢ 1a¢+a2¢)

= o

or2  ror 022
10 <821p 107 82w>

ror

or2  ror 022

0% (0% 10y 0%
*&4mf»m+&ﬂ

a(a% 10y 10%) a?wp)

:E — T~ T T —

o3 r2or  ror2 ' oroz2
1 /03 10 10? o3
< (0 N (0 (0 N (& >

r

ord  r20r ror?2  Ordz?
ot 1 03 ot
L0 10 o
0220r2  roz20r 04

- (87“4 3 or  r2or2 ' r20r2  rord | 0r20z2
10% 10y 10% 1 0%
B <r8r3 ror  r2or? r8r8z2>
o 103 o
* (82’2;;2 a ;822157" * 821£>
o 20%  30% 30y 2 9 5 oy oy

ot ror3 T r2 or2

4 2 2 3 4
o™ 281/)+18¢+181/J 18@Z)+ 81/1)

3 Or  roroz? or20z2 = 0z4
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Suppose the velocity of a fluid has a radial and polar component at an arbitrary point in space
and that these components have no azimuthal dependence along some axis through this point.
Setup a spherical coordinate system at this point with the polar axis oriented along the axis of
symmetry. The velocity is then
v = v,(r,0,t)F + vy(r, 0, t)é
Assuming that the fluid density p is constant, the equation of continuity simplifies to
V.v=0.

If the fluid viscosity u is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

%W+V'VW:VV2W+W-VV

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. All of the needed expansions in spherical coordinates are given on page 836.

1 0 . 1 Ovg] .. 1 oOv, 10 A 10 10v,| -
rsin@%(%sme) a rsin@&b] e [rsin@ o6 rar(r%)] o+ [r@r(rW) Cr 06 ¢
_ lg(m})_lavr R
“lrort Y v o0

Expand the continuity equation in spherical coordinates.

o) + rsiné’%(vesme) + rsin@@iqﬁ B
=0

WZVXV:|:

1
— = 0
r2 or (
Multiply both sides by 72 sin 6.

. 0 0 :
sin OE(TQUT) + 7“%(1)9 sinf) =0

Q(UT’I"Q sinf) + g(vgr sinf) =0

or 06
If we introduce a stream function ¢ = 1 (r, 0,t) that satisfies
Up = — 1L 9% and wvg = L o
" rZsin6 00 o7 rsing or’

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.
0% 0?1 B
“oro0 " oor
With this choice of v, and vy, the vorticity becomes

L[ (LY 1o 1 i\l 1 [ sweo (1 an] g
W= r Or rrsin&@r r 00 r2sinf 00 ~ rsinf | Or? r2 960 \sinf 00

rsinf \ 0r2 2 00 ' r2 062 rsin 6
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Substitute this expression for w into the vorticity equation.

1

rsin 6

o7 1 -
at {rsine(E%)qi’] v V[ SIHQ(E%M} A% [

(B 08| + |-y (208 - v

rsin 6

The first operator on the left side simplifies like so.

5 g B8] = o B0

rsin 6 rsinf Ot

The second operator on the left side expands like so (use equation (R) on page 836).

1 - 0 1 10 1 -
VeV [rsinQ(qu’/})ﬁ - {“’"ar {rsinH(Ezw)] —H}a;% [rsiHG(EQw)] } ¢

B 1 9 1 0 9 vg | cost o 1 0 o -
_{Ur [_rzst(E w)+rsin08r(E ﬂ’)} + T [ rsinQH(E ¢)+rsin980(E 11))}}@5
B vy 0, o A_U@COSH 9 o 2
T2 smH( ¢)¢+ rsmﬁ@r(E V)o 20( ¢)¢+ r2 smﬁ(%?(E V)

The first operator on the right side expands like so (use equation (O) on page 836).

] e [ ()] 8 [ 28 (o)
ZV{:Q;T [""2<_Tzslin9( )+ rsmear( )>]
o |- (58°0) + g (F0) |} 0
—{ o g B0+ g e )]

1 cosf 10 1107 -
e [‘smerae@ O Gwaror? M}"’

(1 1 22 1 22 ro 0%,

_V{TQ[_SlneaT( ¥)+ 5111(98( ¥+ 3111981“2(]51/})]
2

tor |- ooy o B0+ g a0 b6

72 | 5?0700 sin 0 r 062

— [7;116;1()521/}) _ T;;S;IZH;Q(E%) + 73:m9§922(E 1/1)] é
zﬁ ) - 2 R + S )] 6

= 9E2<E2w>¢

= ——(E")$

The second operator on the right side expands like so (use equation (R) on page 836).

[ ! (E2¢)$:| Vv = { (Ezw)] (”? + %Cot 9) é

rsinf rsinf
Uy ~ vgcosl o5 | -
= E? E
72 sin9( Vo + 72 sin29( Ve
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With these results, the vorticity equation becomes

1 Jo Ur E2 2
rsm@@t( ¢)¢ TQSinﬁ( w)d)—i_rsmeﬁr( w)d)
_ wpcost g2 0 B2 6
r2 sin29( ¢>¢+ r2 sm@ 80( v)é
v Uy ~ vgcosb -
= E* E? E*))o.
rsinH( e+ 2sine( ¢)¢+r281n20( ke
Dot both sides by (],7) to get a scalar equation.
1 0 v ) 0
el E2 o T E2 T 2
rsin&(’)t( ¥) r281n0( Q’Z))Jrrsmﬁar( ¥)
vy cos O ve 0, o
— E? —(F
r2 sin20( )+ r2sin 6 89( ¥)
v 4 Uy 9 vgcosl o
B rsin9(E ¥)+ T2Sin9<E )+ rzsin29(E ¥)
Combine like-terms.
1 0 vy, 0 vg O 2v, 2vg cos v
9 (g2 9 (g2 9 (g2 — E2) — 2 g
rsinﬁat( ¢)+rsin00r( w)+r251n969( ¥) 7‘2sin9( ¥) T‘2Sin29( ¥) = rsmH( ¥)
Multiply both sides by 7 sin 6.
8 2 g 2 ’UQ a 2 % 2 2'[}9 COSH 2 o 4

Now eliminate v, and vyg.

d, 1 o\ 0, 1 1 oY
875(E¢) (_T281n680>8r(E¢)+r<T81n08r> 26\ F w)
1

2 oy 9 1 0¢\ 2cos0, o . 4
r <_r251n089> (B79) = (rsin&@r’) rsinH(E V) =vEY

Simplify the left side.

1 [azp ) oD, 2% <a¢

0
r2sin 6 67“60( w)_%ﬁ( w)}_r2sin20

9 () + -

-7 — 4
5 s6 50 1n9> vE*y

Notice that the quantity in square brackets can be written as a Jacobian.

o o 2
0 1 or 20 2F Ib 8’¢ 1 8¢ 4
E2 _ _ - =vE
8t( w) + 7’2 sin @ (E2¢) &(Ezw)‘ 7‘2 Sil’l29 ( 87” o0s 6 r 00 sin 0 14 w

Therefore, for a spherical axisymmetric flow with no ¢-component of velocity or azimuthal
dependence, the equation for the stream function is

0

o (B2 + Lov

L 0w, E)  2B% (0% 10y .
r2sing  O(r,0) r2sin® 0 or © os 9 r o0 sing | = vE“ .

This is equation (D) in Table 4.2-1 on page 123.
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Note that E%) expands as follows.

)

1 9%y

1)
cot oy 1 0%
2 90 " 2062
L1900 ((921& _ cot§ oy )

r2 062 \ Or? r2 90  r2 062
2cot@ O coth 9% 2 0%

0 r2 9roe 3 962 >
csc20 Oy cotfO*p 1 O3

(aaaﬂ 00 262 >
10

200 2 962 12003
csc29 Oy cotf 0% 1 93
ﬂ%( 0 ﬂ%Q
6 cot 6 OY

00 r2 002
2coth 0%  cotf O3
100 r2 or200

oron
2 0%y 2 9%y

E'Y = E*(E*Y)
B 0>  cotf 0 1 02
-(w‘ﬂaeﬂw
0% (0%  cotf Oy
:wﬂw‘ﬂw
cotf 0 (0%
2 90 <8r2 a
1 02

1%
r2 062

0%

Or?

cotH@iw
2 00

)

1 0%

r

)

r

1 0%

—_ a JR—
r2 Ordh?

or

03
(2

cot f
2

r3

03

,
03
00072
2coth 0%

3 Ordl

r

r2

&

ort

_( r 73

1 %y

N 6 0% 2 2
r3Orof2 3 Oroh?

4 962
cot?0 0%  cot O3
rt 063

cot @ csc? 0 O
i e
csc? 0 024

rd 00
2 cot O csc2 6 871&

7cot9 03 B
r2 900r?

r

1 oM

cot 0 93

)

1 0%

2 9r2062

csc? 0 024
2 902 2

2 00 r2 002 r

2cotf 0%  coth %Y

oro0 12 or2o0
6 0% 2 0%

=

o Gcotﬁaﬂ

ort 00

T2 0020r2 r r
2cotf 0%

orof

a 3 3

(

2 9%y

003 " r2 904

1 0%

T 967 T B a0z~ 1 0rog

r4 002
cot?0 0%  cotf 93
rd 003

_cotf 0% B
062
csc? 6 0%

r2 000r2

cot @ csc2 6 871[)
rd 00
2 cot O csc? élp

ré

i

cot 8 93

)

1 0%

r2 9r2002

csc? 0 0%
4902

r rd

(1o
r2 0020r2 rd 00
4cotf 02

~ 2cotd 03 4 03P
orol r2  0r200 r30roh?
3cot O csc?

2 o
r2 Or2002
2csc? 6

_ o
- ord

r3

0% ~ 2cotf 03

903 " i 904

1 0%

rd  06?

6 cot 6
1 +

oY 6 cot’d
e

r 00 r4 rd
4cotd 9% 4 0% 2cotf 03
oro0  r3oroe2 12 9r2o0
5+ 3csc? 0 0%y

002

rd 4

2 M

72 02062
2cot 6§ 9%
063

06?

_ ( :
_ o
- ord r3
3cot O(2 + csc? ) O

B r4 0

1ot
rt 004
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www.stemjock.com

903 " i 9ot



BSL Transport Phenomena 2e Revised: Chapter 3 - Problem 3D.2 Page 21 of 24

Part (d)

Suppose a fluid flows in one direction and varies in a perpendicular direction. Setup a Cartesian
coordinate system so that the z-axis lies in the direction of the flow and that the velocity varies
with respect to .

v =, (y, )X

Assuming that the fluid density p is constant, the equation of continuity simplifies to
V-.v=0.

If the fluid viscosity u is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

0

aw—kv-VW:yvzw—i—w-Vv
Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity.

X v z
_ _ |0 0 o _ v .
W—VXV—% 9y &——Ty
vy O

Expanding the continuity equation in Cartesian coordinates tells us nothing.

Ov,  Ovuy . ov, 0
Oz oy oz
N~ N

=0 =0 =0

Substitute this expression for w into the vorticity equation.

0 vy . Ovg .\ 9 vy . vy .

Let 5
Uy
t -
b(y,t) By
in order to reduce the order of the PDE by one.
oy . . .
O vV [, 1)3] = V¥ [y, 1] + [0, 7] - Vv
Expand the second operator on the left side using equation (R) on page 832.
0
. 1)z = vy —(y, )2
v (1) = ey, 02

0

Expand the first operator on the right side using equation (M) on page 832.
0? 0? 0?

2 a1 .

vVEI(y: )2 = v | 55 (y, 1) + f)yw(y,t) +oavyt)| 2

o,
i
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Expand the second operator on the right side using equation (P) on page 832.

(5, 1)) - Vv = $(y.t) Ly, D)%

0z
=0
With these results, the vorticity equation becomes
N, P,
—Z=v——17.
ot 0y?
Dot both sides by Z to get a scalar equation.
o 0%
huth A
ot Oy?

1) satisfies the well-known diffusion equation. If the flow is steady, then the time derivative
vanishes, and a third-order ODE for the velocity results.

2 2 3
dlﬁ_} d(de)_)odvx

0=0v2" 0=y (22
deQ dez dy

This can be solved by integrating both sides with respect to y three times.

C
vz (y) = 71?/2 +Cy + C3

Three boundary conditions are needed to determine these three arbitrary constants. See Problem
4B.4 for examples.
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Suppose a fluid flows in one direction and varies radially. Setup a cylindrical coordinate system so
that the z-axis lies in the direction of the flow and that the velocity varies with respect to r.

v =v,(r,t)z
Assuming that the fluid density p is constant, the equation of continuity simplifies to
V.v=0.

If the fluid viscosity u is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

0

aw—i—v-VW: vWiw +w- Vv
Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. Its expansion in cylindrical coordinates is given in equations (G), (H), and (I)
on page 834.

10v, Ouvg)\ . ov,  0vy )\ 4 10 10v.\ .  Ov,
W_VXV_<7“89_8z>r+<82_8r>0+<r87“(rve)_r09>z__8r0

Expanding the continuity equation in cylindrical coordinates tells us nothing.

10 1% 0v,

cor )t T T O
=0 =0 =0

Substitute this expression for w into the vorticity equation.
0 0V, A Ov, 5\ 9 0V, A 0v, A
0 (0reg) v () s (26) + (2226)

ov,
or

Let

1/)(T7 t) =
in order to reduce the order of the PDE by one.

200+ 9 [1(00] = v9? [1(10] + [0r.1)8)] - Vv

Expand the second operator on the left side using equation (Q) on page 834.

~ 0 ~
vawﬁﬂ:%%MWw
=0

Expand the first operator on the right side using equation (N) on page 834.

g }g( ) +i32w9+32w9+38wr 6
or \r Or o rZ 962 022 r2 96
=0 =0 =0

Ave {w(r, t)é} = I/|:

o (10 -
=V (mﬁ”“) 0
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Expand the second operator on the right side using equation (R) on page 834.

] (15

With these results, the vorticity equation becomes

o, 0 (10 )

Dot both sides by 0 to get a scalar equation.
o 0 (10
z%‘”m<r&“w>

If the flow is steady, then the time derivative vanishes, and a third-order ODE for the velocity

results.

d (1d d |[1d dv, d |[1d dv,
“JWQWW» %O—WJMK”MM %O_MLWGWH

This can be solved by integrating both sides with respect to r three times.

dfid (]
dr | rdr rdr -

Integrate both sides with respect to r.
1d dv,
il - C
rdr (T dr > !

d dv,
dr <T dr ) =G

Integrate both sides with respect to r once more.

Multiply both sides by r.

dUZ Cl 2
= — C
r ar 9 r° + Cy
Divide both sides by 7.
dv. _C1 G
dr 2 T
Integrate both sides with respect to r once more.
C
vy(r) = ZLe2 g Colnr 4 Cs

4

Three boundary conditions are needed to determine these three arbitrary constants. See Problem
4B.4 for examples.
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