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Problem 3D.2

The equation of change for vorticity.

(a) By taking the curl of the Navier-Stokes equation of motion (in either the D/Dt form or the
∂/∂t form), obtain an equation for the vorticity, w = [∇× v] of the fluid; this equation may
be written in two ways:

D

Dt
w = ν∇2w + [w ·∇v] (3D.2-1)

D

Dt
w = ν∇2w + [ε : {(∇v) · (∇v)}] (3D.2-2)

in which ε is a third-order tensor whose components are the permutation symbol εijk (see
§A.2) and ν = µ/ρ is the kinematic viscosity.

(b) How do the equations in (a) simplify for two-dimensional flows?

Solution

Part (a)

In terms of the substantial derivative, the Navier-Stokes equation is

D

Dt
ρv = −∇p+ µ∇2v + ρg.

It holds under the assumption that the fluid density ρ and viscosity µ are constant. This equation
can be written in one of two ways,

∂

∂t
ρv + v ·∇ρv = −∇p+ µ∇2v + ρg

∂

∂t
ρv +∇ · ρvv = −∇p+ µ∇2v + ρg,

and they will lead to Eq. 3D.2-1 and Eq. 3D.2-2, respectively. The force of gravity is
conservative, so there exists a potential function Φ such that mg = −∇Φ.

∂

∂t
ρv + v ·∇ρv = −∇p+ µ∇2v − ρ

m
∇Φ

∂

∂t
ρv +∇ · ρvv = −∇p+ µ∇2v − ρ

m
∇Φ

In order to eliminate the terms involving pressure and gravity, take the curl of both sides of each
equation.

∇×
(
∂

∂t
ρv + v ·∇ρv

)
= ∇×

(
−∇p+ µ∇2v − ρ

m
∇Φ
)

∇×
(
∂

∂t
ρv +∇ · ρvv

)
= ∇×

(
−∇p+ µ∇2v − ρ

m
∇Φ
)
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The curl of a sum is the sum of the curls.

∇×
(
∂

∂t
ρv

)
+∇× (v ·∇ρv) = ∇× (−∇p) +∇× (µ∇2v) +∇×

(
− ρ

m
∇Φ
)

∇×
(
∂

∂t
ρv

)
+∇× (∇ · ρvv) = ∇× (−∇p) +∇× (µ∇2v) +∇×

(
− ρ

m
∇Φ
)

Bring the constants in front.

ρ∇×
(
∂

∂t
v

)
+ ρ∇× (v ·∇v) = −∇×∇p+ µ∇× (∇2v)− ρ

m
∇×∇Φ

ρ∇×
(
∂

∂t
v

)
+ ρ∇× (∇ · vv) = −∇×∇p+ µ∇× (∇2v)− ρ

m
∇×∇Φ

Divide both sides of each equation by ρ and use the kinematic viscosity ν for µ/ρ.

∇×
(
∂

∂t
v

)
+∇× (v ·∇v) = −1

ρ
∇×∇p+ ν∇× (∇2v)− 1

m
∇×∇Φ (1)

∇×
(
∂

∂t
v

)
+∇× (∇ · vv) = −1

ρ
∇×∇p+ ν∇× (∇2v)− 1

m
∇×∇Φ (2)

Now examine each of the common terms in these equations one by one.

∇×∇p =

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
∂

∂xj

 p

=
3∑
i=1

3∑
j=1

(δi × δj)
∂

∂xi

∂

∂xj
p

=
3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂xi

∂

∂xj
p

=
3∑
j=1

3∑
i=1

3∑
k=1

δkεjik
∂

∂xj

∂

∂xi
p (Let i be j and let j be i.)

=
3∑
i=1

3∑
j=1

3∑
k=1

δkεjik
∂

∂xj

∂

∂xi
p

=
3∑
i=1

3∑
j=1

3∑
k=1

δkεjik
∂

∂xi

∂

∂xj
p

=
3∑
i=1

3∑
j=1

3∑
k=1

δk(−εijk)
∂

∂xi

∂

∂xj
p

= −
3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂xi

∂

∂xj
p

= 0

= ∇×∇Φ

For future reference, know that the curl of the gradient of a scalar function is the zero vector,
provided that this function has continuous second partial derivatives.
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∇×
(
∂

∂t
v

)
=

(
3∑
i=1

δi
∂

∂xi

)
×

 ∂
∂t

 3∑
j=1

δjvj


=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
∂vj
∂t


=

3∑
i=1

3∑
j=1

(δi × δj)
∂

∂xi

∂vj
∂t

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂xi

∂vj
∂t

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂t

∂vj
∂xi

=
∂

∂t

 3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂xi
vj


=

∂

∂t
(∇× v)

∇× (∇2v) =

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

∂2

∂x2j

(
3∑
l=1

δlvl

)
=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

3∑
l=1

δl
∂2vl
∂x2j


=

3∑
i=1

3∑
j=1

3∑
l=1

(δi × δl)
∂

∂xi

∂2vl
∂x2j

=

3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi

∂2vl
∂x2j

=
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂2

∂x2j

∂vl
∂xi

=

3∑
j=1

∂2

∂x2j

(
3∑
i=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi
vl

)

=

3∑
j=1

∂2

∂x2j
(∇× v)

= ∇2(∇× v)
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With these results, equations (1) and (2) become

∂

∂t
(∇× v) +∇× (v ·∇v) = ν∇2(∇× v) (3)

∂

∂t
(∇× v) +∇× (∇ · vv) = ν∇2(∇× v). (4)

Use the vector identity,

v × (∇× v) =

(
3∑
i=1

δivi

)
×

 3∑
j=1

δj
∂

∂xj

×( 3∑
k=1

δkvk

)
=

(
3∑
i=1

δivi

)
×

 3∑
j=1

3∑
k=1

(δj × δk)
∂vk
∂xj


=

(
3∑
i=1

δivi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjkl
∂vk
∂xj


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi × δl)εjklvi
∂vk
∂xj

=
3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilmεjklvi
∂vk
∂xj

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεmilεjklvi
∂vk
∂xj

=
3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δm(δmjδik − δmkδij)vi
∂vk
∂xj

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmjδikvi
∂vk
∂xj
−

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmkδijvi
∂vk
∂xj

=
3∑
i=1

3∑
j=1

3∑
k=1

δjδikvi
∂vk
∂xj
−

3∑
i=1

3∑
j=1

3∑
k=1

δkδijvi
∂vk
∂xj

=

3∑
j=1

3∑
k=1

δjvk
∂vk
∂xj
−

3∑
j=1

3∑
k=1

δkvj
∂vk
∂xj

=

3∑
j=1

3∑
k=1

δj
∂

∂xj

(
1

2
v2k

)
−

3∑
j=1

vj
∂

∂xj

(
3∑

k=1

δkvk

)

=
1

2

3∑
j=1

δj
∂

∂xj

(
3∑

k=1

v2k

)
−

3∑
j=1

vj
∂

∂xj
v

=
1

2
∇v2 − v ·∇v,

to rewrite the second term on the left side of equation (3).

∂

∂t
(∇× v) +∇×

[
1

2
∇v2 − v × (∇× v)

]
= ν∇2(∇× v)
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Distribute the curl operator and bring the constants in front.

∂

∂t
(∇× v) +

1

2
∇×∇v2 −∇× [v × (∇× v)] = ν∇2(∇× v)

The curl of the gradient of a scalar function is the zero vector.

∂

∂t
(∇× v)−∇× [v × (∇× v)] = ν∇2(∇× v) (Eq. 4.2-1)

Let the vorticity be w = ∇× v.

∂

∂t
w −∇× (v ×w) = ν∇2w (5)

Simplify the remaining cross product.

∇× (v ×w) =

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjvj

×( 3∑
k=1

δkwk

)
=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

3∑
k=1

(δj × δk)vjwk


=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjklvjwk


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi × δl)εjkl
∂

∂xi
vjwk

=
3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilmεjkl
∂

∂xi
vjwk

=
3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεmilεjkl
∂

∂xi
vjwk

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δm(δmjδik − δmkδij)
∂

∂xi
vjwk

=
3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmjδik
∂

∂xi
vjwk −

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmkδij
∂

∂xi
vjwk

=

3∑
i=1

3∑
j=1

3∑
k=1

δjδik
∂

∂xi
vjwk −

3∑
i=1

3∑
j=1

3∑
k=1

δkδij
∂

∂xi
vjwk

=
3∑
i=1

3∑
j=1

δj
∂

∂xi
vjwi −

3∑
j=1

3∑
k=1

δk
∂

∂xj
vjwk

=

3∑
i=1

3∑
j=1

δj

(
∂vj
∂xi

wi + vj
∂wi
∂xi

)
−

3∑
j=1

3∑
k=1

δk

(
∂vj
∂xj

wk + vj
∂wk
∂xj

)
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Continue the simplification.

∇× (v ×w) =
3∑
i=1

3∑
j=1

δjwi
∂vj
∂xi

+
3∑
i=1

3∑
j=1

δjvj
∂wi
∂xi
−

3∑
j=1

3∑
k=1

δk
∂vj
∂xj

wk −
3∑
j=1

3∑
k=1

δkvj
∂wk
∂xj

=

3∑
i=1

wi
∂

∂xi

 3∑
j=1

δjvj

+

3∑
j=1

δjvj

(
3∑
i=1

∂wi
∂xi

)
−

3∑
k=1

δkwk

 3∑
j=1

∂vj
∂xj

− 3∑
j=1

vj
∂

∂xj

(
3∑

k=1

δkwk

)
= w ·∇v + v(∇ ·w)−w(∇ · v)− v ·∇w

For the particular case that w = ∇× v, the second term vanishes.

∇ ·w = ∇ · (∇× v)

=

(
3∑
i=1

δi
∂

∂xi

)
·

 3∑
j=1

δj
∂

∂xj

×( 3∑
k=1

δkvk

)
=

(
3∑
i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

(δj × δk)
∂

∂xj
vk


=

(
3∑
i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjkl
∂vk
∂xj


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)εjkl
∂

∂xi

∂vk
∂xj

=
3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilεjkl
∂

∂xi

∂vk
∂xj

=

3∑
i=1

3∑
j=1

3∑
k=1

εjki
∂

∂xi

∂vk
∂xj

=
3∑
j=1

3∑
i=1

3∑
k=1

εikj
∂

∂xj

∂vk
∂xi

(Let i be j and let j be i.)

=

3∑
i=1

3∑
j=1

3∑
k=1

εikj
∂

∂xj

∂vk
∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

εikj
∂

∂xi

∂vk
∂xj

=

3∑
i=1

3∑
j=1

3∑
k=1

(−εjki)
∂

∂xi

∂vk
∂xj

= −
3∑
i=1

3∑
j=1

3∑
k=1

εjki
∂

∂xi

∂vk
∂xj

= 0
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As a result, equation (5) becomes

∂

∂t
w − [w ·∇v + v(∇ ·w)︸ ︷︷ ︸

= 0

−w(∇ · v)− v ·∇w] = ν∇2w.

Because the density is constant, the continuity equation reduces to

∂ρ

∂t
= −∇ · ρv → 0 = −ρ∇ · v → ∇ · v = 0,

and this previous equation simplifies further to

∂

∂t
w − [w ·∇v − v ·∇w] = ν∇2w.

Therefore, one equation for the vorticity is

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v,

or
D

Dt
w = ν∇2w + w ·∇v.

Now simplify the last term in equation (4).

∇× (∇ · vv) =

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

δkvk

)(
3∑
l=1

δlvl

)
=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

3∑
l=1

δkδlvkvl

)
=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δl
∂

∂xj
vkvl


=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

δjkδl
∂

∂xj
vkvl


=

(
3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

3∑
l=1

δl
∂

∂xj
vjvl


=

3∑
i=1

3∑
j=1

3∑
l=1

(δi × δl)
∂

∂xi

∂

∂xj
vjvl

=
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi

∂

∂xj
vjvl

=

3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi

(
∂vj
∂xj

vl + vj
∂vl
∂xj

)

=
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm

[
∂

∂xi

(
∂vj
∂xj

)
vl +

∂vj
∂xj

∂vl
∂xi

+
∂vj
∂xi

∂vl
∂xj

+ vj
∂

∂xi

(
∂vl
∂xj

)]
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Continue simplifying the right side.

∇× (∇ · vv) =
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi

(
∂vj
∂xj

)
vl

+
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂vj
∂xj

∂vl
∂xi

+
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilm
∂vj
∂xi

∂vl
∂xj

+
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilmvj
∂

∂xi

(
∂vl
∂xj

)

=
3∑
i=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi

 3∑
j=1

∂vj
∂xj

 vl

+

 3∑
j=1

∂vj
∂xj

 3∑
i=1

3∑
l=1

3∑
m=1

δmεilm
∂vl
∂xi

+
3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

3∑
n=1

3∑
p=1

δmεilmδinδlp
∂vj
∂xn

∂vp
∂xj

+

3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

δmεilmvj
∂

∂xj

(
∂vl
∂xi

)

=
3∑
i=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi
(∇ · v)vl

+ (∇ · v)
3∑
i=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi
vl

+

3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

3∑
n=1

3∑
p=1

δmεilm(δi · δn)(δl · δp)
∂vj
∂xn

∂vp
∂xj

+

3∑
j=1

vj
∂

∂xj

(
3∑
i=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xi
vl

)
= ∇(∇ · v)× v

+ (∇ · v)(∇× v)

+

3∑
i=1

3∑
j=1

3∑
l=1

3∑
m=1

3∑
n=1

3∑
p=1

δmεilm(δlδi : δnδp)
∂vj
∂xn

∂vp
∂xj

+ v ·∇(∇× v)
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Continue simplifying the right side.

∇× (∇ · vv) = ∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)

+

(
3∑
i=1

3∑
l=1

3∑
m=1

εilmδmδlδi

)
:

 3∑
j=1

3∑
n=1

3∑
p=1

δnδp
∂vj
∂xn

∂vp
∂xj


= ∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)

+

(
3∑
i=1

3∑
l=1

3∑
m=1

εmilδmδlδi

)
:

 3∑
j=1

3∑
n=1

3∑
p=1

3∑
q=1

δnδjqδp
∂vj
∂xn

∂vp
∂xq


= ∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)

+

[
3∑
i=1

3∑
l=1

3∑
m=1

(−εmli)δmδlδi

]
:

 3∑
n=1

3∑
j=1

3∑
q=1

3∑
p=1

δn(δj · δq)δp
∂vj
∂xn

∂vp
∂xq


= ∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)

−

(
3∑

m=1

3∑
l=1

3∑
i=1

εmliδmδlδi

)
:

 3∑
n=1

3∑
j=1

δnδj
∂vj
∂xn

 ·

 3∑
q=1

3∑
p=1

δqδp
∂vp
∂xq


= ∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)

−

(
3∑

m=1

3∑
l=1

3∑
i=1

εmliδmδlδi

)
:

( 3∑
n=1

δn
∂

∂xn

) 3∑
j=1

δjvj

 ·

 3∑
q=1

δq
∂

∂xq

 3∑
p=1

δpvp


= ∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)− ε : (∇v ·∇v)

Substitute this result into equation (4).

∂

∂t
(∇× v) +∇(∇ · v)× v + (∇ · v)(∇× v) + v ·∇(∇× v)− ε : (∇v ·∇v) = ν∇2(∇× v)

Because the density is constant, the continuity equation reduces to ∇ · v = 0, and this equation
becomes

∂

∂t
(∇× v) + v ·∇(∇× v)− ε : (∇v ·∇v) = ν∇2(∇× v).

Let the vorticity be w = ∇× v.

∂

∂t
w + v ·∇w − ε : (∇v ·∇v) = ν∇2w

Therefore, a second equation for the vorticity is

∂

∂t
w + v ·∇w = ν∇2w + ε : (∇v ·∇v),

or
D

Dt
w = ν∇2w + ε : (∇v ·∇v).
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Part (b)

Suppose a fluid flows in an arbitrary plane in space. Setup a coordinate system so that the z-axis
lies in the direction of the outward unit vector perpendicular to the plane. For a Cartesian
coordinate system in particular, the velocity is then

v = vx(x, y, t)x̂ + vy(x, y, t)ŷ.

Assuming that the fluid density ρ is constant, the equation of continuity simplifies to

∇ · v = 0.

If the fluid viscosity µ is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity.

w = ∇× v =

∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

vx vy 0

∣∣∣∣∣∣ = −∂vy
∂z

x̂ +
∂vx
∂z

ŷ +

(
∂vy
∂x
− ∂vx

∂y

)
ẑ =

(
∂vy
∂x
− ∂vx

∂y

)
ẑ

Expand the continuity equation in Cartesian coordinates.

∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z︸︷︷︸
= 0

= 0

−∂vx
∂x

=
∂vy
∂y

If we introduce a stream function ψ = ψ(x, y, t) that satisfies

vx = −∂ψ
∂y

and vy =
∂ψ

∂x
,

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

∂2ψ

∂x∂y
=

∂2ψ

∂y∂x

With this choice of vx and vy, the vorticity becomes

w =

[
∂

∂x

(
∂ψ

∂x

)
− ∂

∂y

(
−∂ψ
∂y

)]
ẑ =

(
∂2ψ

∂x2
+
∂2ψ

∂y2

)
ẑ = (∇2ψ)ẑ.

Substitute this expression for w into the vorticity equation.

∂

∂t
[(∇2ψ)ẑ] + v ·∇[(∇2ψ)ẑ] = ν∇2[(∇2ψ)ẑ] + [(∇2ψ)ẑ] ·∇v

www.stemjock.com



BSL Transport Phenomena 2e Revised: Chapter 3 - Problem 3D.2 Page 11 of 24

Expand the operators and simplify the equation.

∂

∂t
(∇2ψ)ẑ + vx

∂

∂x
(∇2ψ)ẑ + vy

∂

∂y
(∇2ψ)ẑ

+ vz
∂

∂z
(∇2ψ)ẑ = ν(∇4ψ)ẑ + [(∇2ψ)ẑ] ·

(
δxδx

∂vx
∂x

+ δxδy
∂vy
∂x

+ δxδz
∂vz
∂x

+ δyδx
∂vx
∂y

+ δyδy
∂vy
∂y

+ δyδz
∂vz
∂y

+ δzδx
∂vx
∂z

+ δzδy
∂vy
∂z

+ δzδz
∂vz
∂z

)

∂

∂t
(∇2ψ)ẑ + vx

∂

∂x
(∇2ψ)ẑ + vy

∂

∂y
(∇2ψ)ẑ = ν(∇4ψ)ẑ + (∇2ψ)

(
δx
∂vx
∂z

+ δy
∂vy
∂z

+ δz
∂vz
∂z

)
The last term vanishes because there is no dependence on z.

∂

∂t
(∇2ψ)ẑ + vx

∂

∂x
(∇2ψ)ẑ + vy

∂

∂y
(∇2ψ)ẑ = ν(∇4ψ)ẑ

Dot both sides by ẑ, the unit vector normal to the plane, to get a scalar equation for ψ.

∂

∂t
(∇2ψ) + vx

∂

∂x
(∇2ψ) + vy

∂

∂y
(∇2ψ) = ν∇4ψ

Now eliminate vx and vy.

∂

∂t
(∇2ψ) +

(
−∂ψ
∂y

)
∂

∂x
(∇2ψ) +

(
∂ψ

∂x

)
∂

∂y
(∇2ψ) = ν∇4ψ

∂

∂t
(∇2ψ) +

∂ψ

∂x

∂

∂y
(∇2ψ)− ∂ψ

∂y

∂

∂x
(∇2ψ) = ν∇4ψ

Notice that these last two terms on the left side can be expressed as a Jacobian.

∂

∂t
(∇2ψ) +

∣∣∣∣∣
∂ψ
∂x

∂ψ
∂y

∂
∂x(∇2ψ) ∂

∂y (∇2ψ)

∣∣∣∣∣ = ν∇4ψ

Therefore, for a two-dimensional flow in Cartesian coordinates, the equation the stream function
satisfies is

∂

∂t
(∇2ψ) +

∂(ψ,∇2ψ)

∂(x, y)
= ν∇4ψ.

This is equation (A) in Table 4.2-1 on page 123. Note that ∇4 is known as the biharmonic
operator, and in Cartesian coordinates it expands as

∇4ψ = ∇2(∇2ψ) =

(
∂2

∂x2
+

∂2

∂y2

)(
∂2ψ

∂x2
+
∂2ψ

∂y2

)
=

∂2

∂x2

(
∂2ψ

∂x2
+
∂2ψ

∂y2

)
+

∂2

∂y2

(
∂2ψ

∂x2
+
∂2ψ

∂y2

)
=
∂4ψ

∂x4
+

∂4ψ

∂x2∂y2
+

∂4ψ

∂y2∂x2
+
∂4ψ

∂y4
=
∂4ψ

∂x4
+ 2

∂4ψ

∂x2∂y2
+
∂4ψ

∂y4
.
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Suppose a fluid flows in an arbitrary plane in space. Setup a coordinate system so that the z-axis
lies in the direction of the outward unit vector perpendicular to the plane. For a cylindrical
coordinate system in particular, the velocity is then

v = vr(r, θ, t)r̂ + vθ(r, θ, t)θ̂.

Assuming that the fluid density ρ is constant, the equation of continuity simplifies to

∇ · v = 0.

If the fluid viscosity µ is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. All of the needed expansions in cylindrical coordinates are given on page 834.

w = ∇× v =

(
1

r

∂vz
∂θ
− ∂vθ

∂z

)
r̂ +

(
∂vr
∂z
− ∂vz

∂r

)
θ̂ +

[
1

r

∂

∂r
(rvθ)−

1

r

∂vr
∂θ

]
ẑ =

[
1

r

∂

∂r
(rvθ)−

1

r

∂vr
∂θ

]
ẑ

Expand the continuity equation in cylindrical coordinates.

1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

+
∂vz
∂z︸︷︷︸
= 0

= 0

− ∂

∂r
(rvr) =

∂vθ
∂θ

If we introduce a stream function ψ = ψ(r, θ, t) that satisfies

vr = −1

r

∂ψ

∂θ
and vθ =

∂ψ

∂r
,

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

∂2ψ

∂r∂θ
=

∂2ψ

∂θ∂r

With this choice of vr and vθ, the vorticity becomes

w =

[
1

r

∂

∂r

(
r
∂ψ

∂r

)
− 1

r

∂

∂θ

(
−1

r

∂ψ

∂θ

)]
ẑ =

(
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2

)
ẑ = (∇2ψ)ẑ.

Substitute this expression for w into the vorticity equation.

∂

∂t
[(∇2ψ)ẑ] + v ·∇[(∇2ψ)ẑ] = ν∇2[(∇2ψ)ẑ] + [(∇2ψ)ẑ] ·∇v

Expand the operators and simplify the equation.

∂

∂t
(∇2ψ)ẑ +

[
vr
∂

∂r
(∇2ψ) +

vθ
r

∂

∂θ
(∇2ψ)

]
ẑ = ν(∇4ψ)ẑ +∇2φ

(
∂vr
∂z

)
r̂ +∇2φ

(
∂vθ
∂z

)
θ̂ +∇2φ

(
∂vz
∂z

)
ẑ
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The last three terms on the right side vanish because there is no dependence on z.

∂

∂t
(∇2ψ)ẑ +

[
vr
∂

∂r
(∇2ψ) +

vθ
r

∂

∂θ
(∇2ψ)

]
ẑ = ν(∇4ψ)ẑ

Dot both sides by ẑ, the unit vector normal to the plane, to get a scalar equation for ψ.

∂

∂t
(∇2ψ) + vr

∂

∂r
(∇2ψ) +

vθ
r

∂

∂θ
(∇2ψ) = ν∇4ψ

Now eliminate vr and vθ.

∂

∂t
(∇2ψ) +

(
−1

r

∂ψ

∂θ

)
∂

∂r
(∇2ψ) +

1

r

(
∂ψ

∂r

)
∂

∂θ
(∇2ψ) = ν∇4ψ

∂

∂t
(∇2ψ) +

1

r

[
∂ψ

∂r

∂

∂θ
(∇2ψ)− ∂ψ

∂θ

∂

∂r
(∇2ψ)

]
= ν∇4ψ

Notice that the quantity in square brackets can be expressed as a Jacobian.

∂

∂t
(∇2ψ) +

1

r

∣∣∣∣∣
∂ψ
∂r

∂ψ
∂θ

∂
∂r (∇2ψ) ∂

∂θ (∇2ψ)

∣∣∣∣∣ = ν∇4ψ

Therefore, for a two-dimensional flow in polar coordinates, the equation the stream function
satisfies is

∂

∂t
(∇2ψ) +

1

r

∂(ψ,∇2ψ)

∂(r, θ)
= ν∇4ψ.

This is equation (B) in Table 4.2-1 on page 123. Note that ∇4 is known as the biharmonic
operator, and in polar coordinates it expands as

∇4ψ = ∇2(∇2ψ) =

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)(
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2

)
=

∂2

∂r2

(
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2

)
+

1

r

∂

∂r

(
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2

)
+

1

r2
∂2

∂θ2

(
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2

)
=

∂

∂r

(
∂3ψ

∂r3
− 1

r2
∂ψ

∂r
+

1

r

∂2ψ

∂r2
− 2

r3
∂2ψ

∂θ2
+

1

r2
∂3ψ

∂r∂θ2

)
+

1

r

(
∂3ψ

∂r3
− 1

r2
∂ψ

∂r
+

1

r

∂2ψ

∂r2
− 2

r3
∂2ψ

∂θ2
+

1

r2
∂3ψ

∂r∂θ2

)
+

1

r2
∂

∂θ

(
∂3ψ

∂θ∂r2
+

1

r

∂2ψ

∂θ∂r
+

1

r2
∂3ψ

∂θ3

)
=

(
∂4ψ

∂r4
+

2

r3
∂ψ

∂r
− 1

r2
∂2ψ

∂r2
− 1

r2
∂2ψ

∂r2
+

1

r

∂3ψ

∂r3
+

6

r4
∂2ψ

∂θ2
− 2

r3
∂3ψ

∂r∂θ2
− 2

r3
∂3ψ

∂r∂θ2
+

1

r2
∂4ψ

∂r2∂θ2

)
+

(
1

r

∂3ψ

∂r3
− 1

r3
∂ψ

∂r
+

1

r2
∂2ψ

∂r2
− 2

r4
∂2ψ

∂θ2
+

1

r3
∂3ψ

∂r∂θ2

)
+

(
1

r2
∂4ψ

∂θ2∂r2
+

1

r3
∂3ψ

∂θ2∂r
+

1

r4
∂4ψ

∂θ4

)
=
∂4ψ

∂r4
+

2

r

∂3ψ

∂r3
− 1

r2
∂2ψ

∂r2
+

1

r3
∂ψ

∂r
+

2

r2
∂4ψ

∂r2∂θ2
− 2

r3
∂3ψ

∂r∂θ2
+

4

r4
∂2ψ

∂θ2
+
∂4ψ

∂θ4
.
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Part (c)

Suppose a fluid flows radially and vertically with respect to an arbitrary axis in space. Setup a
cylindrical coordinate system so that the z-axis lies along the axis of symmetry. The velocity is
then

v = vr(r, z, t)r̂ + vz(r, z, t)ẑ.

Assuming that the fluid density ρ is constant, the equation of continuity simplifies to

∇ · v = 0.

If the fluid viscosity µ is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. All of the needed expansions in cylindrical coordinates are given on page 834.

w = ∇× v =

(
1

r

∂vz
∂θ
− ∂vθ

∂z

)
r̂ +

(
∂vr
∂z
− ∂vz

∂r

)
θ̂ +

[
1

r

∂

∂r
(rvθ)−

1

r

∂vr
∂θ

]
ẑ =

(
∂vr
∂z
− ∂vz

∂r

)
θ̂

Expand the continuity equation in cylindrical coordinates.

1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ︸ ︷︷ ︸

= 0

+
∂vz
∂z

= 0

∂

∂r
(rvr) = −r∂vz

∂z

If we introduce a stream function ψ = ψ(r, z, t) that satisfies

vr =
1

r

∂ψ

∂z
and vz = −1

r

∂ψ

∂r
,

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

∂2ψ

∂r∂z
=

∂2ψ

∂z∂r

With this choice of vr and vz, the vorticity becomes

w =

[
∂

∂z

(
1

r

∂ψ

∂z

)
− ∂

∂r

(
−1

r

∂ψ

∂r

)]
θ̂ =

1

r

(
∂2ψ

∂r2
− 1

r

∂ψ

∂r
+
∂2ψ

∂z2

)
θ̂ =

1

r
(E2ψ)θ̂.

Substitute this expression for w into the vorticity equation.

∂

∂t

[
1

r
(E2ψ)θ̂

]
+ v ·∇

[
1

r
(E2ψ)θ̂

]
= ν∇2

[
1

r
(E2ψ)θ̂

]
+

[
1

r
(E2ψ)θ̂

]
·∇v

The first operator on the left side simplifies like so.

∂

∂t

[
1

r
(E2ψ)θ̂

]
=

1

r

∂

∂t
(E2ψ)θ̂
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The second operator on the left side expands like so (use equation (Q) on page 834).

v ·∇
[

1

r
(E2ψ)θ̂

]
=

{
vr
∂

∂r

[
1

r
(E2ψ)

]
+ vz

∂

∂z

[
1

r
(E2ψ)

]}
θ̂

=

{
vr

[
− 1

r2
(E2ψ) +

1

r

∂

∂r
(E2ψ)

]
+ vz

[
1

r

∂

∂z
(E2ψ)

]}
θ̂

= −vr
r2

(E2ψ)θ̂ +
vr
r

∂

∂r
(E2ψ)θ̂ +

vz
r

∂

∂z
(E2ψ)θ̂

The first operator on the right side expands like so (use equation (N) on page 834).

ν∇2

[
1

r
(E2ψ)θ̂

]
= ν

{
∂

∂r

{
1

r

∂

∂r

[
r

1

r
(E2ψ)

]}
+

∂2

∂z2

[
1

r
(E2ψ)

]}
θ̂

= ν

[
− 1

r2
∂

∂r
(E2ψ) +

1

r

∂2

∂r2
(E2ψ) +

1

r

∂2

∂z2
(E2ψ)

]
θ̂

=
ν

r

[
∂2

∂r2
(E2ψ)− 1

r

∂

∂r
(E2ψ) +

∂2

∂z2
(E2ψ)

]
θ̂

=
ν

r
E2(E2ψ)θ̂

=
ν

r
(E4ψ)θ̂

The second operator on the right side expands like so (use equation (Q) on page 834).[
1

r
(E2ψ)θ̂

]
·∇v =

[
1

r
(E2ψ)

](vr
r

)
θ̂

=
vr
r2

(E2ψ)θ̂

With these results, the vorticity equation becomes

1

r

∂

∂t
(E2ψ)θ̂ − vr

r2
(E2ψ)θ̂ +

vr
r

∂

∂r
(E2ψ)θ̂ +

vz
r

∂

∂z
(E2ψ)θ̂ =

ν

r
(E4ψ)θ̂ +

vr
r2

(E2ψ)θ̂.

Dot both sides by θ̂ to get a scalar equation.

1

r

∂

∂t
(E2ψ)− vr

r2
(E2ψ) +

vr
r

∂

∂r
(E2ψ) +

vz
r

∂

∂z
(E2ψ) =

ν

r
E4ψ +

vr
r2

(E2ψ)

Combine like-terms.

1

r

∂

∂t
(E2ψ) +

vr
r

∂

∂r
(E2ψ) +

vz
r

∂

∂z
(E2ψ)− 2vr

r2
(E2ψ) =

ν

r
E4ψ

Multiply both sides by r.

∂

∂t
(E2ψ) + vr

∂

∂r
(E2ψ) + vz

∂

∂z
(E2ψ)− 2vr

r
(E2ψ) = νE4ψ

Now eliminate vr and vz.

∂

∂t
(E2ψ) +

(
1

r

∂ψ

∂z

)
∂

∂r
(E2ψ) +

(
−1

r

∂ψ

∂r

)
∂

∂z
(E2ψ)− 2

r

(
1

r

∂ψ

∂z

)
(E2ψ) = νE4ψ
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Simplify the left side.

∂

∂t
(E2ψ)− 1

r

[
∂ψ

∂r

∂

∂z
(E2ψ)− ∂ψ

∂z

∂

∂r
(E2ψ)

]
− 2

r2
∂ψ

∂z
(E2ψ) = νE4ψ

Notice that the quantity in square brackets can be written as a Jacobian.

∂

∂t
(E2ψ)− 1

r

∣∣∣∣∣
∂ψ
∂r

∂ψ
∂z

∂
∂r (E2ψ) ∂

∂z (E2ψ)

∣∣∣∣∣− 2

r2
∂ψ

∂z
(E2ψ) = νE4ψ

Therefore, for a cylindrical axisymmetric flow with no θ-component of velocity or angular
dependence, the equation for the stream function is

∂

∂t
(E2ψ)− 1

r

∂(ψ,E2ψ)

∂(r, z)
− 2

r2
∂ψ

∂z
(E2ψ) = νE4ψ.

This is equation (C) in Table 4.2-1 on page 123. Note that E4ψ expands as follows.

E4ψ = E2(E2ψ)

=

(
∂2

∂r2
− 1

r

∂

∂r
+

∂2

∂z2

)(
∂2ψ

∂r2
− 1

r

∂ψ

∂r
+
∂2ψ

∂z2

)
=

∂2

∂r2

(
∂2ψ

∂r2
− 1

r

∂ψ

∂r
+
∂2ψ

∂z2

)
− 1

r

∂

∂r

(
∂2ψ

∂r2
− 1

r

∂ψ

∂r
+
∂2ψ

∂z2

)
+

∂2

∂z2

(
∂2ψ

∂r2
− 1

r

∂ψ

∂r
+
∂2ψ

∂z2

)
=

∂

∂r

(
∂3ψ

∂r3
+

1

r2
∂ψ

∂r
− 1

r

∂2ψ

∂r2
+

∂3ψ

∂r∂z2

)
− 1

r

(
∂3ψ

∂r3
+

1

r2
∂ψ

∂r
− 1

r

∂2ψ

∂r2
+

∂3ψ

∂r∂z2

)
+

(
∂4ψ

∂z2∂r2
− 1

r

∂3ψ

∂z2∂r
+
∂4ψ

∂z4

)
=

(
∂4ψ

∂r4
− 2

r3
∂ψ

∂r
+

1

r2
∂2ψ

∂r2
+

1

r2
∂2ψ

∂r2
− 1

r

∂3ψ

∂r3
+

∂4ψ

∂r2∂z2

)
−
(

1

r

∂3ψ

∂r3
+

1

r3
∂ψ

∂r
− 1

r2
∂2ψ

∂r2
+

1

r

∂3ψ

∂r∂z2

)
+

(
∂4ψ

∂z2∂r2
− 1

r

∂3ψ

∂z2∂r
+
∂4ψ

∂z4

)
=
∂4ψ

∂r4
− 2

r

∂3ψ

∂r3
+

3

r2
∂2ψ

∂r2
− 3

r3
∂ψ

∂r
− 2

r

∂3ψ

∂r∂z2
+ 2

∂4ψ

∂r2∂z2
+
∂4ψ

∂z4
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Suppose the velocity of a fluid has a radial and polar component at an arbitrary point in space
and that these components have no azimuthal dependence along some axis through this point.
Setup a spherical coordinate system at this point with the polar axis oriented along the axis of
symmetry. The velocity is then

v = vr(r, θ, t)r̂ + vθ(r, θ, t)θ̂.

Assuming that the fluid density ρ is constant, the equation of continuity simplifies to

∇ · v = 0.

If the fluid viscosity µ is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. All of the needed expansions in spherical coordinates are given on page 836.

w = ∇× v =

[
1

r sin θ

∂

∂θ
(vφ sin θ)− 1

r sin θ

∂vθ
∂φ

]
r̂ +

[
1

r sin θ

∂vr
∂φ
− 1

r

∂

∂r
(rvφ)

]
θ̂ +

[
1

r

∂

∂r
(rvθ)−

1

r

∂vr
∂θ

]
φ̂

=

[
1

r

∂

∂r
(rvθ)−

1

r

∂vr
∂θ

]
φ̂

Expand the continuity equation in spherical coordinates.

1

r2
∂

∂r
(r2vr) +

1

r sin θ

∂

∂θ
(vθ sin θ) +

1

r sin θ

∂vφ
∂φ︸ ︷︷ ︸

= 0

= 0

Multiply both sides by r2 sin θ.

sin θ
∂

∂r
(r2vr) + r

∂

∂θ
(vθ sin θ) = 0

∂

∂r
(vrr

2 sin θ) +
∂

∂θ
(vθr sin θ) = 0

If we introduce a stream function ψ = ψ(r, θ, t) that satisfies

vr = − 1

r2 sin θ

∂ψ

∂θ
and vθ =

1

r sin θ

∂ψ

∂r
,

then the continuity equation will automatically be satisfied since the mixed partial derivatives are
equal by Clairaut’s theorem.

− ∂2ψ

∂r∂θ
+

∂2ψ

∂θ∂r
= 0

With this choice of vr and vθ, the vorticity becomes

w =

[
1

r

∂

∂r

(
r

1

r sin θ

∂ψ

∂r

)
− 1

r

∂

∂θ

(
− 1

r2 sin θ

∂ψ

∂θ

)]
φ̂ =

1

r sin θ

[
∂2ψ

∂r2
+

sin θ

r2
∂

∂θ

(
1

sin θ

∂ψ

∂θ

)]
φ̂

=
1

r sin θ

(
∂2ψ

∂r2
− cot θ

r2
∂ψ

∂θ
+

1

r2
∂2ψ

∂θ2

)
φ̂ =

1

r sin θ
(E2ψ)φ̂.
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Substitute this expression for w into the vorticity equation.

∂

∂t

[
1

r sin θ
(E2ψ)φ̂

]
+ v ·∇

[
1

r sin θ
(E2ψ)φ̂

]
= ν∇2

[
1

r sin θ
(E2ψ)φ̂

]
+

[
1

r sin θ
(E2ψ)φ̂

]
·∇v

The first operator on the left side simplifies like so.

∂

∂t

[
1

r sin θ
(E2ψ)φ̂

]
=

1

r sin θ

∂

∂t
(E2ψ)φ̂

The second operator on the left side expands like so (use equation (R) on page 836).

v ·∇
[

1

r sin θ
(E2ψ)φ̂

]
=

{
vr
∂

∂r

[
1

r sin θ
(E2ψ)

]
+ vθ

1

r

∂

∂θ

[
1

r sin θ
(E2ψ)

]}
φ̂

=

{
vr

[
− 1

r2 sin θ
(E2ψ) +

1

r sin θ

∂

∂r
(E2ψ)

]
+
vθ
r

[
− cos θ

r sin2 θ
(E2ψ) +

1

r sin θ

∂

∂θ
(E2ψ)

]}
φ̂

= − vr
r2 sin θ

(E2ψ)φ̂+
vr

r sin θ

∂

∂r
(E2ψ)φ̂− vθ cos θ

r2 sin2 θ
(E2ψ)φ̂+

vθ
r2 sin θ

∂

∂θ
(E2ψ)φ̂

The first operator on the right side expands like so (use equation (O) on page 836).

ν∇2

[
1

r sin θ
(E2ψ)φ̂

]
= ν

{
1

r2
∂

∂r

[
r2
∂

∂r

(
1

r sin θ
(E2ψ)

)]
+

1

r2
∂

∂θ

[
1

sin θ

∂

∂θ

(
1

r sin θ
(E2ψ) sin θ

)]}
φ̂

= ν

{
1

r2
∂

∂r

[
r2
(
− 1

r2 sin θ
(E2ψ) +

1

r sin θ

∂

∂r
(E2ψ)

)]
+

1

r2

[
− cos θ

sin2 θ

∂

∂θ

(
1

r
(E2ψ)

)
+

1

sin θ

∂2

∂θ2

(
1

r
(E2ψ)

)]}
φ̂

= ν

{
1

r2
∂

∂r

[
− 1

sin θ
(E2ψ) +

r

sin θ

∂

∂r
(E2ψ)

]
+

1

r2

[
− cos θ

sin2 θ

1

r

∂

∂θ
(E2ψ) +

1

sin θ

1

r

∂2

∂θ2
(E2ψ)

]}
φ̂

= ν

{
1

r2

[
− 1

sin θ

∂

∂r
(E2ψ) +

1

sin θ

∂

∂r
(E2ψ) +

r

sin θ

∂2

∂r2
(E2ψ)

]
+

1

r2

[
− cos θ

sin2 θ

1

r

∂

∂θ
(E2ψ) +

1

sin θ

1

r

∂2

∂θ2
(E2ψ)

]}
φ̂

= ν

[
1

r sin θ

∂2

∂r2
(E2ψ)− cos θ

r3 sin2 θ

∂

∂θ
(E2ψ) +

1

r3 sin θ

∂2

∂θ2
(E2ψ)

]
φ̂

=
ν

r sin θ

[
∂2

∂r2
(E2ψ)− cot θ

r2
∂

∂θ
(E2ψ) +

1

r2
∂2

∂θ2
(E2ψ)

]
φ̂

=
ν

r sin θ
E2(E2ψ)φ̂

=
ν

r sin θ
(E4ψ)φ̂

The second operator on the right side expands like so (use equation (R) on page 836).[
1

r sin θ
(E2ψ)φ̂

]
·∇v =

[
1

r sin θ
(E2ψ)

](vr
r

+
vθ
r

cot θ
)
φ̂

=
vr

r2 sin θ
(E2ψ)φ̂+

vθ cos θ

r2 sin2 θ
(E2ψ)φ̂
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With these results, the vorticity equation becomes

1

r sin θ

∂

∂t
(E2ψ)φ̂− vr

r2 sin θ
(E2ψ)φ̂+

vr
r sin θ

∂

∂r
(E2ψ)φ̂

− vθ cos θ

r2 sin2 θ
(E2ψ)φ̂+

vθ
r2 sin θ

∂

∂θ
(E2ψ)φ̂

=
ν

r sin θ
(E4ψ)φ̂+

vr
r2 sin θ

(E2ψ)φ̂+
vθ cos θ

r2 sin2 θ
(E2ψ)φ̂.

Dot both sides by φ̂ to get a scalar equation.

1

r sin θ

∂

∂t
(E2ψ)− vr

r2 sin θ
(E2ψ) +

vr
r sin θ

∂

∂r
(E2ψ)

− vθ cos θ

r2 sin2 θ
(E2ψ) +

vθ
r2 sin θ

∂

∂θ
(E2ψ)

=
ν

r sin θ
(E4ψ) +

vr
r2 sin θ

(E2ψ) +
vθ cos θ

r2 sin2 θ
(E2ψ)

Combine like-terms.

1

r sin θ

∂

∂t
(E2ψ) +

vr
r sin θ

∂

∂r
(E2ψ) +

vθ
r2 sin θ

∂

∂θ
(E2ψ)− 2vr

r2 sin θ
(E2ψ)− 2vθ cos θ

r2 sin2 θ
(E2ψ) =

ν

r sin θ
(E4ψ)

Multiply both sides by r sin θ.

∂

∂t
(E2ψ) + vr

∂

∂r
(E2ψ) +

vθ
r

∂

∂θ
(E2ψ)− 2vr

r
(E2ψ)− 2vθ cos θ

r sin θ
(E2ψ) = νE4ψ

Now eliminate vr and vθ.

∂

∂t
(E2ψ) +

(
− 1

r2 sin θ

∂ψ

∂θ

)
∂

∂r
(E2ψ) +

1

r

(
1

r sin θ

∂ψ

∂r

)
∂

∂θ
(E2ψ)

− 2

r

(
− 1

r2 sin θ

∂ψ

∂θ

)
(E2ψ)−

(
1

r sin θ

∂ψ

∂r

)
2 cos θ

r sin θ
(E2ψ) = νE4ψ

Simplify the left side.

∂

∂t
(E2ψ) +

1

r2 sin θ

[
∂ψ

∂r

∂

∂θ
(E2ψ)− ∂ψ

∂θ

∂

∂r
(E2ψ)

]
− 2E2ψ

r2 sin2 θ

(
∂ψ

∂r
cos θ − 1

r

∂ψ

∂θ
sin θ

)
= νE4ψ

Notice that the quantity in square brackets can be written as a Jacobian.

∂

∂t
(E2ψ) +

1

r2 sin θ

∣∣∣∣∣
∂ψ
∂r

∂ψ
∂θ

∂
∂r (E2ψ) ∂

∂θ (E2ψ)

∣∣∣∣∣− 2E2ψ

r2 sin2 θ

(
∂ψ

∂r
cos θ − 1

r

∂ψ

∂θ
sin θ

)
= νE4ψ

Therefore, for a spherical axisymmetric flow with no φ-component of velocity or azimuthal
dependence, the equation for the stream function is

∂

∂t
(E2ψ) +

1

r2 sin θ

∂(ψ,E2ψ)

∂(r, θ)
− 2E2ψ

r2 sin2 θ

(
∂ψ

∂r
cos θ − 1

r

∂ψ

∂θ
sin θ

)
= νE4ψ.

This is equation (D) in Table 4.2-1 on page 123.
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Note that E4ψ expands as follows.

E4ψ = E2(E2ψ)

=

(
∂2

∂r2
− cot θ

r2
∂

∂θ
+

1

r2
∂2

∂θ2

)(
∂2ψ

∂r2
− cot θ

r2
∂ψ

∂θ
+

1

r2
∂2ψ

∂θ2

)
=

∂2

∂r2

(
∂2ψ

∂r2
− cot θ

r2
∂ψ

∂θ
+

1

r2
∂2ψ

∂θ2

)
− cot θ

r2
∂

∂θ

(
∂2ψ

∂r2
− cot θ

r2
∂ψ

∂θ
+

1

r2
∂2ψ

∂θ2

)
+

1

r2
∂2

∂θ2

(
∂2ψ

∂r2
− cot θ

r2
∂ψ

∂θ
+

1

r2
∂2ψ

∂θ2

)
=

∂

∂r

(
∂3ψ

∂r3
+

2 cot θ

r3
∂ψ

∂θ
− cot θ

r2
∂2ψ

∂r∂θ
− 2

r3
∂2ψ

∂θ2
+

1

r2
∂3ψ

∂r∂θ2

)
− cot θ

r2

(
∂3ψ

∂θ∂r2
+

csc2 θ

r2
∂ψ

∂θ
− cot θ

r2
∂2ψ

∂θ2
+

1

r2
∂3ψ

∂θ3

)
+

1

r2
∂

∂θ

(
∂3ψ

∂θ∂r2
+

csc2 θ

r2
∂ψ

∂θ
− cot θ

r2
∂2ψ

∂θ2
+

1

r2
∂3ψ

∂θ3

)
=

(
∂4ψ

∂r4
− 6 cot θ

r4
∂ψ

∂θ
+

2 cot θ

r3
∂2ψ

∂r∂θ
+

2 cot θ

r3
∂2ψ

∂r∂θ
− cot θ

r2
∂3ψ

∂r2∂θ

+
6

r4
∂2ψ

∂θ2
− 2

r3
∂3ψ

∂r∂θ2
− 2

r3
∂3ψ

∂r∂θ2
+

1

r2
∂4ψ

∂r2∂θ2

)
+

(
−cot θ

r2
∂3ψ

∂θ∂r2
− cot θ csc2 θ

r4
∂ψ

∂θ
+

cot2 θ

r4
∂2ψ

∂θ2
− cot θ

r4
∂3ψ

∂θ3

)
+

1

r2

(
∂4ψ

∂θ2∂r2
− 2 cot θ csc2 θ

r2
∂ψ

∂θ
+

csc2 θ

r2
∂2ψ

∂θ2
+

csc2 θ

r2
∂2ψ

∂θ2
− cot θ

r2
∂3ψ

∂θ3
+

1

r2
∂4ψ

∂θ4

)
=

(
∂4ψ

∂r4
− 6 cot θ

r4
∂ψ

∂θ
+

2 cot θ

r3
∂2ψ

∂r∂θ
+

2 cot θ

r3
∂2ψ

∂r∂θ
− cot θ

r2
∂3ψ

∂r2∂θ

+
6

r4
∂2ψ

∂θ2
− 2

r3
∂3ψ

∂r∂θ2
− 2

r3
∂3ψ

∂r∂θ2
+

1

r2
∂4ψ

∂r2∂θ2

)
+

(
−cot θ

r2
∂3ψ

∂θ∂r2
− cot θ csc2 θ

r4
∂ψ

∂θ
+

cot2 θ

r4
∂2ψ

∂θ2
− cot θ

r4
∂3ψ

∂θ3

)
+

(
1

r2
∂4ψ

∂θ2∂r2
− 2 cot θ csc2 θ

r4
∂ψ

∂θ
+

csc2 θ

r4
∂2ψ

∂θ2
+

csc2 θ

r4
∂2ψ

∂θ2
− cot θ

r4
∂3ψ

∂θ3
+

1

r4
∂4ψ

∂θ4

)
=
∂4ψ

∂r4
+

4 cot θ

r3
∂2ψ

∂r∂θ
− 2 cot θ

r2
∂3ψ

∂r2∂θ
− 4

r3
∂3ψ

∂r∂θ2
+

2

r2
∂4ψ

∂r2∂θ2

−
(

6 cot θ

r4
+

3 cot θ csc2 θ

r4

)
∂ψ

∂θ
+

(
6

r4
+

cot2 θ

r4
+

2 csc2 θ

r4

)
∂2ψ

∂θ2
− 2 cot θ

r4
∂3ψ

∂θ3
+

1

r4
∂4ψ

∂θ4

=
∂4ψ

∂r4
+

4 cot θ

r3
∂2ψ

∂r∂θ
− 4

r3
∂3ψ

∂r∂θ2
− 2 cot θ

r2
∂3ψ

∂r2∂θ
+

2

r2
∂4ψ

∂r2∂θ2

− 3 cot θ(2 + csc2 θ)

r4
∂ψ

∂θ
+

5 + 3 csc2 θ

r4
∂2ψ

∂θ2
− 2 cot θ

r4
∂3ψ

∂θ3
+

1

r4
∂4ψ

∂θ4
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Part (d)

Suppose a fluid flows in one direction and varies in a perpendicular direction. Setup a Cartesian
coordinate system so that the x-axis lies in the direction of the flow and that the velocity varies
with respect to y.

v = vx(y, t)x̂

Assuming that the fluid density ρ is constant, the equation of continuity simplifies to

∇ · v = 0.

If the fluid viscosity µ is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity.

w = ∇× v =

∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

vx 0 0

∣∣∣∣∣∣ = −∂vx
∂y

ẑ

Expanding the continuity equation in Cartesian coordinates tells us nothing.

∂vx
∂x︸︷︷︸
= 0

+
∂vy
∂y︸︷︷︸
= 0

+
∂vz
∂z︸︷︷︸
= 0

= 0

Substitute this expression for w into the vorticity equation.

∂

∂t

(
−∂vx
∂y

ẑ

)
+ v ·∇

(
−∂vx
∂y

ẑ

)
= ν∇2

(
−∂vx
∂y

ẑ

)
+

(
−∂vx
∂y

ẑ

)
·∇v

Let

ψ(y, t) = −∂vx
∂y

in order to reduce the order of the PDE by one.

∂ψ

∂t
ẑ + v ·∇ [ψ(y, t)ẑ] = ν∇2 [ψ(y, t)ẑ] + [ψ(y, t)ẑ] ·∇v

Expand the second operator on the left side using equation (R) on page 832.

v ·∇ [ψ(y, t)ẑ] = vx
∂

∂x
ψ(y, t)ẑ

= 0

Expand the first operator on the right side using equation (M) on page 832.

ν∇2 [ψ(y, t)ẑ] = ν

[
∂2

∂x2
ψ(y, t) +

∂2

∂y2
ψ(y, t) +

∂2

∂z2
ψ(y, t)

]
ẑ

= ν
∂2ψ

∂y2
ẑ
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Expand the second operator on the right side using equation (P) on page 832.

[ψ(y, t)ẑ] ·∇v = ψ(y, t)
∂

∂z
vx(y, t)x̂

= 0

With these results, the vorticity equation becomes

∂ψ

∂t
ẑ = ν

∂2ψ

∂y2
ẑ.

Dot both sides by ẑ to get a scalar equation.

∂ψ

∂t
= ν

∂2ψ

∂y2

ψ satisfies the well-known diffusion equation. If the flow is steady, then the time derivative
vanishes, and a third-order ODE for the velocity results.

0 = ν
d2ψ

dy2
→ 0 = ν

d2

dy2

(
−dvx
dy

)
→ 0 =

d3vx
dy3

This can be solved by integrating both sides with respect to y three times.

vx(y) =
C1

2
y2 + C2y + C3

Three boundary conditions are needed to determine these three arbitrary constants. See Problem
4B.4 for examples.
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Suppose a fluid flows in one direction and varies radially. Setup a cylindrical coordinate system so
that the z-axis lies in the direction of the flow and that the velocity varies with respect to r.

v = vz(r, t)ẑ

Assuming that the fluid density ρ is constant, the equation of continuity simplifies to

∇ · v = 0.

If the fluid viscosity µ is also constant, then the equation of motion simplifies to the
Navier-Stokes equation. Take the curl of both sides of it and use the resulting vorticity equation
(either form) instead.

∂

∂t
w + v ·∇w = ν∇2w + w ·∇v

Similar to the Navier-Stokes equation, it is a vector equation. It actually represents three scalar
equations, one for each variable in the chosen coordinate system. The vorticity is defined to be
the curl of velocity. Its expansion in cylindrical coordinates is given in equations (G), (H), and (I)
on page 834.

w = ∇× v =

(
1

r

∂vz
∂θ
− ∂vθ

∂z

)
r̂ +

(
∂vr
∂z
− ∂vz

∂r

)
θ̂ +

(
1

r

∂

∂r
(rvθ)−

1

r

∂vr
∂θ

)
ẑ = −∂vz

∂r
θ̂

Expanding the continuity equation in cylindrical coordinates tells us nothing.

1

r

∂

∂r
(rvr)︸ ︷︷ ︸

= 0

+
1

r

∂vθ
∂θ︸ ︷︷ ︸

= 0

+
∂vz
∂z︸︷︷︸
= 0

= 0

Substitute this expression for w into the vorticity equation.

∂

∂t

(
−∂vz
∂r
θ̂

)
+ v ·∇

(
−∂vz
∂r
θ̂

)
= ν∇2

(
−∂vz
∂r
θ̂

)
+

(
−∂vz
∂r
θ̂

)
·∇v

Let

ψ(r, t) = −∂vz
∂r

in order to reduce the order of the PDE by one.

∂ψ

∂t
θ̂ + v ·∇

[
ψ(r, t)θ̂

]
= ν∇2

[
ψ(r, t)θ̂

]
+
[
ψ(r, t)θ̂

]
·∇v

Expand the second operator on the left side using equation (Q) on page 834.

v ·∇
[
ψ(r, t)θ̂

]
= vz

∂

∂z
ψ(r, t)θ̂

= 0

Expand the first operator on the right side using equation (N) on page 834.

ν∇2
[
ψ(r, t)θ̂

]
= ν

[
∂

∂r

(
1

r

∂

∂r
(rwθ)

)
+

1

r2
∂2wθ
∂θ2︸ ︷︷ ︸

= 0

+
∂2wθ
∂z2︸ ︷︷ ︸
= 0

+
2

r2
∂wr
∂θ︸ ︷︷ ︸

= 0

]
θ̂

= ν
∂

∂r

(
1

r

∂

∂r
(rψ)

)
θ̂
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Expand the second operator on the right side using equation (R) on page 834.[
ψ(r, t)θ̂

]
·∇v = wθ

(
1

r

∂vz
∂θ

)
ẑ

= ψ(r, t)

(
1

r

∂

∂θ
vz(r, t)

)
ẑ

= 0

With these results, the vorticity equation becomes

∂ψ

∂t
θ̂ = ν

∂

∂r

(
1

r

∂

∂r
(rψ)

)
θ̂.

Dot both sides by θ̂ to get a scalar equation.

∂ψ

∂t
= ν

∂

∂r

(
1

r

∂

∂r
(rψ)

)
If the flow is steady, then the time derivative vanishes, and a third-order ODE for the velocity
results.

0 = ν
d

dr

(
1

r

d

dr
(rψ)

)
→ 0 = ν

d

dr

[
1

r

d

dr

(
−rdvz

dr

)]
→ 0 =

d

dr

[
1

r

d

dr

(
r
dvz
dr

)]
This can be solved by integrating both sides with respect to r three times.

d

dr

[
1

r

d

dr

(
r
dvz
dr

)]
= 0

Integrate both sides with respect to r.

1

r

d

dr

(
r
dvz
dr

)
= C1

Multiply both sides by r.
d

dr

(
r
dvz
dr

)
= C1r

Integrate both sides with respect to r once more.

r
dvz
dr

=
C1

2
r2 + C2

Divide both sides by r.
dvz
dr

=
C1

2
r +

C2

r

Integrate both sides with respect to r once more.

vz(r) =
C1

4
r2 + C2 ln r + C3

Three boundary conditions are needed to determine these three arbitrary constants. See Problem
4B.4 for examples.
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